Deterministic unitary operations on time-bin qudits for quantum communication 
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We show for the first time how deterministic unitary operations on time-bin qubits encoded in 
single photon pulses can be realized using fiber optics components that are available with current 
technology. We also generalize this result to operations on time-bin qudits, i.e. d-level systems, and 
show that this can be done efficiently using 2x2 beamsplitters and phase modulators. Important 
benefits for experimental quantum communication are highlighted. This work shows how to bridge 
the gap between current proof-of-principle demonstrations and complete, deterministic experiments. 
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Quantum information science is rooted in the idea that 
information can be encoded and processed in qubits, 
i.e. two-level quantum systems 1]. Recently, this fruit- 
ful proposition led to important theoretical results in the 
field of quantum communication along with experimen- 
tal demonstrations of quantum cryptography |2|, quan- 
tum repeaters 0, tests of Bell's theorem Q and quan- 
tum teleportation [j| (see Ref. 6 for a review). More- 
over, there are now numerous proposals benefiting from 
the use of qudits (d-level quantum systems). In cryp- 
tography, qudits increase the tolerance to noise 7] and 
in quantum communication, they improve channel ca- 
pacity 8]. When entangled, they enhance the security 
bounds for coin flipping they reduce the communi- 
cation complexity below the classical limit and thev 
give a solution to the Byzantine agreement problem . 
Entangled qudits are also useful for testing Bell's theo- 
rem by providing a stronger violation and a greater 
robustness against noise |l3|. 

Photons and optical fiber are natural candidates to im- 
plement quantum communication protocols and for this 
purpose, the time-bin encodin g fo r qubits is proven to 
be very robust and practical [lj, To generate a 

time-bin qubit, a single photon pulse is first split in two 
rails using a 2x2 coupler (the all- fiber equivalent of a 
beamsplitter) as shown on Fig. ^ Then, each compo- 
nent travels through either the "short" or "long" rails. 
Finally, both are time-multiplexed in the same fiber us- 
ing a 2x1 optical switch. At the output, the single pho- 
ton is in a coherent superposition of being in two time- 
bins separated by a delay At: = a | short) + ^9 1 long). 
By changing the coupling ratio of the coupler and the 
phase delay tp of the phase modulator, all pure qubit 
states can be generated. Time-bin entanglement in the 
state a | short, short) + /3|long, long) can also be gener- 
ated efficiently using spontaneous parametric downcon- 
version This type of entanglement has been shown 
to be robust against polarization mode dispersion, phase 
fluctuations and chromatic dispersion over at least 50 km 
of transmission in optical fiber [lfiL . 



FIG. 1: Experimental set-up to generate time-bin qubits. 
Lines are optical fibers, C is a coupler (the all- fiber equivalent 
of a beamsplitter) , PM is a phase modulator and S W is a 2 x 1 
optical switch. 



The main difficulty with time-bin encoding is that both 
single qubit unitary operations and measurements in any 
basis are not trivial to implement. Actually, most of the 
experiments done so far use non-deterministic operations 
with post-selection 0,0,^1 and this reduces the success 
rate, if not leading to a complete failure. For example, 
complete quantum teleportation of a time-bin qubit can- 
not be achieved without using deterministic single qubit 
operations to correct the teleported state . A similar 
problem exists in the experiments testing Bell's theorem 
with time-bin qubits as we discuss below. Also, multi- 
user protocols requiring cascaded operations on the same 
qubit are not scalable when limited to probabilistic op- 
erations. The ubiquitous need for single time-bin qubit 
and qudit deterministic operations for quantum commu- 
nication and the lack of any general scheme to do this 
are the motivations of this work. In this letter, we ex- 
tend on our work of Ref. [13 and propose different ex- 
perimental schemes to perform deterministic unitary op- 
erations on time-bin qubits and qudits using photons. 
These schemes can be implemented with technology that 
is currently available. Throughout the text, the schemes 
are presented with single mode optical fiber circuits and 
wavelengths around 1550 nm. Nevertheless, they can be 
directly adapted to any kind of waveguide or free-space 
transmission. 

All unitary operations on a single polarization qubit 
are easy to implement using an all-fiber polarization con- 
troller. The first scheme we propose takes advantage of 
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this by converting a time-bin qubit to a polarization qubit 
to perform the operation and then converting back to 
a time-bin qubit for transmission. The gate is shown 
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FIG. 2: Experimental layout of the time-bin gate using polar- 
ization. Lines are optical fibers, SW is a 1x2 optical switch, 
PC is a polarization controller and PBSC is a polarization 
beam splitter /combiner. 



qubit for processing [23. The gate is pictured in Fig. |3| 
and works as follows. A time-bin qubit is incident from 
the left on a 1x2 optical switch that routes the | short) 
and the |long) components to the upper and lower rails 
respectively. Next, the upper rail is delayed by At to syn- 
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FIG. 3: Experimental layout of the time-bin gate using dual- 
rail encoding. Lines are optical fibers, SW is a 1x2 optical 
switch, PM are phase modulators and C is a coupler. 



on Fig. [3 First, a single photon in a time-bin qubit state 
with a given polarization, say horizontal (H), is incident 
from the left on the 1x2 switch which routes the | short) 
and the |long) components to the lower and upper rails 
respectively. The polarization of the lower rail is flipped 
to vertical (V) by a polarization controller and is also 
delayed by At. This delay synchronizes the | short) and 

1 long) components at the inputs of the polarizing beam 
splitter /combiner (PBSC). The latter reflects and trans- 
mits V and H polarizations, hence, the time-bin qubit is 
converted to a single-rail polarization qubit according to 
the mapping | short) — > \V) and |long) — > \H). Then, the 
output of the PBSC is fed into an all-fiber polarization 
controller that transforms any polarization to any other 
with negligible loss. After the rotation, the polarization 
qubit is converted back to an H polarized time-bin qubit 
using the inverse of the operation done in the first section. 
Therefore, this gate can implement all unitary operations 
on a single time-bin qubit. 

To implement a given operation, the switches are the 
only active components. The faster the switching speed, 
the smaller is the required separation between the | short) 
and I long) components, thus, the smaller is the required 
path length difference. With current technology, elec- 
trooptic material allow for switching frequencies of at 
least 10 GHz, hence, the path length difference can be 
set at about 2 cm in standard single mode fiber. This 
is crucial since the relative phase between the branches 
has to be stabilized in temperature. A path difference of 

2 cm would require the temperature to be stable within 
1 tenth of a degree Kelvin at room temperature, which is 
not difficult to achieve in the laboratory. The two PBSC 
can be fabricated with fused fiber couplers and are there- 
fore practically lossless [2lJ. The major limiting factor is 
the insertion loss of the switches caused mainly by the 
mode mismatch between the fiber core and the waveg- 
uide of the switch. With current technology, this loss 
can be lowered down to about 1.5 dB for a total of 3 dB 
for the whole gate. 

The second scheme for deterministic operations we pro- 
pose works by converting the time-bin qubit to a dual-rail 



chronize | short) with |long) and consequently, the photon 
is converted to the dual-rail encoding: | short) — > |l) n |0)/ 
and I long) — > |0) n |l)/, where the labels u and I stand for 
the upper and lower rails respectively. The two compo- 
nents of the single photon interfere at the coupler set to 
a specific coupling ratio to implement a given gate. This, 
supplemented with two phase modulators, can imple- 
ment any unitary operation on the dual-rail qubit. The 
remaining part of the gate converts the dual-rail qubit 
back to a single-rail time-bin qubit. Therefore, this gate 
can implement all unitary operations on a single time-bin 
qubit. 

To implement a given operation, the switches are the 
only active components and the temperature require- 
ments are the same as in the previous scheme. Moveover, 
stable and precise phase modulators can be made lossless 
using piezoactuators glued on the fiber. Finally, the typ- 
ical loss of an all- fiber coupler is of the order of 0.1 dB 
or less. Therefore, the only important sources of loss 
are the switches and again, it can be lowered down to 
about 3 dB in total. The main advantage of this scheme 
over the previous one is that it can be made insensi- 
tive to alignment if polarization independent switches are 
used. Also, this scheme is well suited for tasks that re- 
quire ultra-fast and deterministic feedforward processing 
like quantum teleportation. Indeed, an ultra-fast tunable 
coupler can be made with a Mach-Zehnder interferome- 
ter using an eletrooptic phase modulator in one of its 
arms, hence yielding a single circuit that can implement 
all operations. Using theses ideas, we have shown how 
the cluster state model of quantum computation can be 
implemented in optical fiber circuits |23j |. 

We now discuss how this scheme is useful for testing 
Bell's theorem |4( with time-bin qubits. The robust- 
ness of time-bin entanglement over fiber transmission is 
clearly an advantage to eliminate the locality loophole. 
However, the detection loophole cannot be closed without 
using deterministic measurements in the time-bin basis. 
Indeed, this is essential to overcome the 83% detection 
efficiency threshold needed to achieve a loophole free vio- 
lation of the CHSH inequality 24]. To eliminate the de- 
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tection loophole using the schemes proposed here, one 
uses the dual-rail gate of Fig. |3| modified such that two 
detectors are placed on the rails right after the coupler, as 
shown on Fig. 21 To deterministically measure in any de- 
sired basis, one can set the correct values for the coupling 
ratio and the phase cpi. Hence, in principle, a simulta- 
neous closure of the detection and locality loopholes is 
possible using this setup. Encouragingly, we note that a 
noiseless photon detector with 88% detection efficiency at 
1550 nm is now available 25]. With the improvements 
on optical components, it is reasonable to hope that a 
loophole free experiment using time-bin qubits and de- 
terministic measurements will be performed in the near 
future. 
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FIG. 4: Experimental layout of the time-bin gate to measure 
in any desired basis. Lines are optical fibers, SW is a 1x2 
optical switch, PM is a phase modulator, C is a coupler and 
D is a detector. 



Before generalizing to deterministic operations on d- 
level systems, we mention that time-bin qudits can be 
generated with a setup similar to the one described in 
Fig. ^ where the single photon is split into d rails in- 
stead of two, all of which are time- multiplexed in one 
fiber using a dxl switch. Moreover, entangled time-bin 
qudits have been successfully generated using a mode- 
locked laser |26j . 

The generalization to qudit operations is based on the 
following results: 1 - Time-bin qudits can be easily con- 
verted to rail qudits by demultiplexing the bins in d rails 
using a 1 x d switch and by synchronizing all the compo- 
nents with delay lines, 2 - Arbitrary unitary operations 
on rail qudits can be implemented using 2x2 couplers 
only 27]. We describe the second result in detail. Con- 
sider a single photon in a superposition of being in d 
rails labelled 1 to d. Let £? m , n be the transfer matrix 
of a lossless 2x2 coupler mixing rails m and n and let 
B' mn be the mathematical extension of B m ^ n to a dxd 
unitary matrix acting only on the subspace of rails m 
and n. More precisely, B' n consists of the dxd identity 
matrix / with elements I mm , Im. r,., I n m an d Inn replaced 
by the elements of £? m , n . In Ref.|2jJ it is shown that any 
d-dimensional unitary transfer matrix U(d) can be factor- 
ized in a sequence of B' m n matrices. The decomposition 
is written as 



XJ(d) = P-B' 2!l ...B' d _ hl .B' dA 



(1) 



where B' d 1 is a sequence of d — 1 coupler matices sequen- 
tially mixing rails d and d — 1, d and d — 2, and so on 



(2) 



The decomposition is similar for B' d _ 1 l5 . . . , B' 21 . The 
matrix P is a phase correction applied to each mode 
and requires d phase modulators. Hence, a maximum of 
(d — l)(d— 2)/2 ~ 0(d 2 ) couplers are necessary to im- 
plement any U(d) in the d-rail encoding. As time-bin 
qudits can always be converted to rail qudits and vice 
versa, any U(d) can be implemented in the time-bin en- 
coding. 

To exemplify our proposition, we illustrate how it can 
be used to implement the deterministic measurements of 
the quantum key distribution protocol using qutrits pro- 
posed in Ref. 28. This protocol was shown to be more 
robust to noise than the BB84 protocol using qubits Q. 
To generate a key bit, Alice chooses randomly one qutrit 
state among twelve that are part of four mutually unbi- 
ased basis and sends it to Bob. Let {|a), |6), \c}} be the 
first orthogonal basis. The second basis can be taken as 



|o'> = (| > + |6> + | C »/V3, 



(3) 

\b') = (| a )+e 27ri / 3 |6}+e- 2 "/ 3 |c))/V3, (4) 

\d) = (| a )+e- 2 "/ 3 |6) + e 2 "/ 3 |c})/V3. (5) 

The third and fourth basis are given by the cyclic per- 
mutations of the following states, respectively: 

( e 2W3| a) + | 6) + | c))/ V3 ) (6) 

(e -2W3| a) + | 6) + | c))A /3. (7) 

Upon reception, Bob measures the qutrit in one of the 
four randomly chosen basis. If the bases match, Alice 
and Bob keep the results. With time-bin qutrits, Bob can 
take the first basis to be the time of arrival of the pho- 
tons. In this case, measurements require only one photon 
detector and a time frame shared with Alice. However, to 
measure in the second basis, Bob needs an inter feromet- 
ric setup to apply the unitary transformation U\a') = \a) 
in the time-bin encoding, where a G {a, 6, c}, before mea- 
suring with his detector. The matrix U is given by 



1 

1 e~ 
1 



1 

■2ni/3 
3 27ri/3 



1 

3 27ri/3 

-27Ti/3 



(8) 



Using equation (Q, U is factorized as 

U = P-B' 2A -B' 3A -B'^ 2 , (9) 

where the 2x2 matrices associated with B' 32 , B' 3 1 and 
B 2 j are 



B 



If e i7r / 3 1 

:> " 2 " 7! V e47ri/3 1 J ' 

1 / V2e" i7r / 3 1 



B2A = i 



(10) 

(11) 

(12) 
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The fiber optic circuit implementing U is shown in Fig. [5] 
First, a 1x3 switch along with delays of At and 2 At are 
used to convert the incoming time-bin qutrit to a rail 
qutrit on which the transformation U is applied using 
three couplers shown in dashed boxes. In the final sec- 
tion, the resulting qutrit is converted back to the time- 
bin encoding using a 3x 1 switch. The phase correction P 
is not necessary in this case since detection occurs right 
after the gate. To measure in the third and fourth ba- 
sis, it is easy to show that Bob can use the same setup 
supplemented with phase modulators inserted on all rails 
between the couplers. 




FIG. 5: Experimental layout of the time-bin gate for QKD 
with qutrits. Lines are optical fibers, SW is a 1x3 optical 
switch, the dashed boxes show the couplers implementing the 
unitary transformation on the rail qutrit and S is a rail swap 
to enable modes 1 and 3 (lower and upper rails) to interfere. 

In this letter, we have shown how deterministic unitary 
operations on single time-bin qubits encoded in photons 
can be implemented with current optical fiber technol- 
ogy. This also allows to implement deterministic mea- 
surements in any basis. Finally the generalization to de- 
terministic operations on time-bin qudits was presented. 
Ultimately, the schemes are technologically limited by 
the loss of the switches. Since no physical reason limits 
the improvements of current optical switches, it is rea- 
sonable to believe that experimental quantum communi- 
cation with time-bin qudits using the schemes presented 
here will become highly practical in the near future. Fu- 
ture work will focus on the experimental realization of 
the proposed schemes and on the application to deter- 
ministic quantum communication experiments. 
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